OPERATOR LIMIT THEOREMS

BY
NORTON STARR(Y)

0. Introduction. In this paper certain almost everywhere convergence and
maximal theorems are proved, extending a type of limit theorem developed by
Rota [22] and generalized by Doob [9].

Given a sequence {T,}5-, of linear operators on LP(X,X,u) into itself for some
pe[1, ) and some totally o-finite positive measure space (X,Z, 1), we say the T,
satisfy a maximal theorem if

| (suel7s1) ansa, [ 11,

for some constant A, and all fe L*(X, Z,u). We say a sequence {f, *_, of functions
in L?(X,Z,u) converges boundedly in L?if lim,, . f, exists almost everywhere and
| (sup, | £,|Pdpu < .

Among the actively developed theories of bounded convergence are the ergodic
theory, martingale theory, singular integral theory, the behavior of monotone
sequences of operators [13], and the study of powers of self-adjoint positive
definite operators [5], [24], [1].

The starting point for our investigations is the following new type of limit
theorem due to Rota [22]: given doubly stochastic operators S,, n =1,2,3,--,
on functions integrable over a probability space, lim,_, ,S7S5 -+ SESiSk—1--* Sif
exists a.e. and boundedly in L? for any fe LP(1 < p < o). In deriving our results,
we apply the techniques used by Doob [9]in proving a generalization, in the form
of a ratio theorem, of the above theorem.

We remark that for the special case in which all the operators S, S,*of Rota’s
theorem coincide with a single operator T of the form T=E, - E,, where each
E; is a conditional expectation, bounded almost everywhere convergence in L?
was obtained earlier by Burkholder and Chow [5]. As a preliminary to this result,
Burkholder and Chow actually obtained bounded almost everywhere convergence
in L? of T?", assuming only that T be a self-adjoint operator on L? which maps
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L'into L' with operator norm < 1 and L' N L* into L' N L® without increasing L™
norms (the measure space could be infinite, too). These latter hypotheses are
essentially those of Stein [24], who proved bounded almost everywhere conver-
gencein L? (1 < p < o0 ) for T, under the additional assumption that (Tg,g) =0
(g € L?). The methods of Burkholder and Chow, Rota, and Stein differ markedly
from one another. All these results are implied by our work, which is dependent
on the theorems of Rota and Doob.

Before presenting a concrete description of our work, we record at this point
some conventions. All measure spaces (X,X,u) considered are totally o-finite
positive measure spaces unless the contrary is explicitly stated. We work with
spaces of real valued functions only. All operators are assumed linear. Equations,
inequalities, and limits are understood to hold almost everywhere (a.e.) unless
otherwise noted.

By log*|f| we mean log (max (1,|f])). We frequently consider the class of
functions fe U1§p<ooL” which also have the property fX|f|10g+ |fl dp < .
Note that fe U1< p<oL?implies f has this property, and that on a probability
space the functions having this property are integrable.

For any function f measurable on (X,X,u), || f|, denotes ( [x|f|?du)'’? for
1<p<o and ||f|o denotes esssup,.x|f(x)].

Given subsets A4,B,--- of X and functions ¢,,--- on X, # {4,B,---} and
B{$,¥,---} denote the o-fields on X generated by {4, B, -} and determined by
{¢, ¥, } respectively.

For fixed p: 1< p =< o0, a linear operator P from LP(X,u,) to L7(X,,u,) is
called positive if f=0 a.e. (u;) implies Pf=0 a.e. (u,) and a contraction if
[P,ly = lel, for all £geL2(Xym).

The linear operators T'that occur most frequently in this work are of the following
sort: T maps (< p<wlP(X1,Z1,11) into | s <p<ool?(X2,X;,4,) and is a con-
traction on L?(X,Z,,u,) into L?(X,,%,,u,) for each p:1 < p < co. We denote
this class of operators by 2((X,Zy, ), (X5,Z;,15)) or by any of 9, 2(X,,X,),
etc., where the terms omitted are understood from the context. The following
remarks serve to extend the domain of definition of T and to establish a well-
defined adjoint operation. (i) Given Te 2(X,, X,) there exists T* e 2(X,,X,)
such that regarded as an operator defined on any of the L?(X,) spaces (1 < p < o0),
T* is the adjoint of T. (ii) T has a unique extension to a contraction on L!(X,)
into L'(X,), which we also denote T. A similar remark holds for T*. (iii) As an
operator on L'(X,) into L'(X,), the contraction T* has for adjoint a contraction
on L®(X,) into L*(X,) which agrees with T on I’(X,) NL”(X,) for any
p:1< p < oo. We therefore finally extend T to a contraction on L®(X,) into
L®(X,). Similar remarks apply to T*. Denoting the extensions also by T and T*,
we call T* the adjoint of T (hence T is the adjoint of T*). An operatorin 2 (X, X)
is said to be self-adjoint if it is equal toits own adjoint in the above sense of the term.

An operator Se 9(X,X,) is doubly stochastic if S is a positive operator such
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that S1 = la.e.(u,)and S*1 = l a.e. (u,), where 1 is the constant function assuming
everywhere the value 1. (For an operator T on L*(X,) into L®(X,) such that
T1 = 1, positivity of T'is equivalent to contractivity (in L” norm) [19].) Note that
if S is doubly stochastic, so is S*. It follows that if u,;(X;) = u,(X,) < oo, then
any operator Se€ 2(X,,X,) for which S1 =1 is doubly stochastic.

Given fe 'UlgpéwL” and a o-field # < X for which (X,%,pu) is o-finite, the
conditional expectation of f with respect to &, denoted E{f l & },is defined as that
function measurable on (X,#) for which

[ r#au= [ sae @es u® <o),
B B

By the theory of Radon-Nikodym derivatives [11], E{f |.9'*' } is well defined—
unique to within sets of u-measure zero (cf. [15], [7]). By the argument of [8, p.22]
if fel’(X,Z,u), he (X,F,u), 1/p+1/q=1, then E{jhlﬁ} = hE{j|:}7"}.
It is readily verified (cf. [19]) that conditional expectation is a self-adjoint, idem-
potent, doubly stochastic operator.

A decreasing martingale on (X,Z,p) is a sequence {f,},~; of functions and a
sequence {#,},-, of o-subfields of X satisfying

(i) X, &,,pis o-finite,

(ll) 57"3.?"4,1,

(i) fy€U1gpswl? (X,Z,p), and

(iv) E{fnl‘g’—u+1} =for1, (n=1,2,-+)

(cf. [8], [15], [7] and [13]).

A decreasing submartingale is defined the same as a decreasing martingale,
except for condition (iv), which reads

V), E{fo| Foe1} 2Fosr (1=1,2,-0).

The basic operator composition used is T{T,--- T, T,T,_, -+ Ty, where each
Tie D(Xy_1,X))> so following [9] we abbreviate: T, denotes T,T,_, --- T;, and
T} denotes TYT;-+ T,, (n=1,2,---). We usually denote doubly stochastic
operators, positive operators, and unspecified operators by S, P, and Trespectively.
T,0, P10, and S;, denote the identity operator I.

By way of introduction we now state the following results:

THEOREM (RoTA [21], [22]). Let (Q,P) be a probability space, and
S,e2(Q,P) (m=1,2,-)

be doubly stochastic. For each pe[l,o0) and feL?(Q,P) satisfying
j'nlfl log+|fldP < 00, lim,, o StS,,.f exists a.e. (dP) and boundedly in L*(Q, P).

THEOREM (DooB [9]). Let P, be a positive contraction on L'(X,_ 1, ) into
LY(X,, 1) (n=1,2,---). Let he L\(X,, o), h 2 0. Then if du,, = (Py,h)dp,, and
if f is a function on X, satisfying
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J. 1r1og* | o < o,
it follows that

lim P*Py*...p*

n—> o0

(555

exists a.e. (u,) where h>0 and also in the L'(X,,hdu,) topology. Here
P.* is the linear extension of L' norm <1 of P to an operator from
Ll(Xka(Plkh)dlik) into Ll(Xk—l’ (Pl,k—lh)dﬂk—l)-

The main results of the present work are summarized in the following

MAIN THEOREM. Let T,e 2(X,X) (n=1,2,---). Then if ge L? (1< p < ),

14 D 14
(0.1) fx( il;l;lTl’f.Tl..gI) du £ (i_—T) fx |g]? dp.

If ge L' and satisfies [x|g|log*|g|du < o, then
02 [ (sup|maTue| Jhdus 22 [ b elios| e du<co,
X \ n20 e — b'¢

for any heL' satisfying 12 h = min(|g|,1).
Under the additional hypothesis that the operators T, are positive operators
(which we now denote P,) it follows that

0.3 lim P}.P,,g exists a.. (u)

n— o0
for any ge U,§p<wL"satisfying j'x]gllog+|g| du<oo.

The theorem of Doob is based on that of Rota. Both authors transfer the
setting of the problem of convergence to a representation space. In this context
they respectively show that {S,,f}5 and {P,,(fh)/P,,(h)}; are martingales with
respect to a decreasing family of subfields, whose suprema are integrable. They
then note that St,, P{*P>*--- P,* are conditional expectations with respect to a
fixed subfield independent of n, and these are known to preserve bounded almost
everywhere convergence in L®.

Our theorem is based on an argument (Theorem 2 below) which is a submartin-
gale version of the proof of Doob’s theorem. Given gelL' satisfying
fxlgl log*lgl du < oo, we factor g as the product f - h, where f and h are as in
Doob’s theorem, and h < 1. We then show that the denominators {P;,h},~, of
Doob’s ratio form a uniformly bounded submartingale, whence
B ) — Pt

P*Py*... PI* ((Plnh)

converges as desired. A vector-valued Schwarz inequality of Rota [20] is used to
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prove the submartingale property. In obtaining the maximal estimates, we make
use of a lemma of Dunford and Schwartz [10] to associate with an operator
Te2(X,X) a positive operator Pe Z(X,X) for which ITf| §P(|f|) a.e. (n)
(f5U1 <psool®):

In §1 we proveRota’s theorem directly on a space of infinite measure (Theorem
1), following Doob’s proof. That is, we obtain the pointwise and maximal results
((0.3) and (0.1)) for p > 1 of the Main Theorem, under the hypothesis that all
operators are doubly stochastic. The machinery of the proof of Theorem 1 is used
in §2 to prove Theorem 2, which gives the bounded convergence((0.2) and (0.3))
stated in the Main Theorem for g e L' satisfying ” g|10g+| g| dp < o, under the
hypothesis that all operators are positive operators in &. Under this latter hypothe-
sis, Corollary 1 gives the pointwise convergence ((0.3)) for functions in ILP
(1 <p< o). In §3 the assumption of positivity is dropped, and the maximal
inequalities ((0.1) and (0.2)) of the Main Theorem are obtained (Theorem 3).
§4 contains a quick proof of the strong convergence of T},T;,, based on the
particular form of the operator composition. Also, properties of the limit operator
are discussed. In §5 the continuous parameter versions of our results are stated.
The Appendix contains the appropriate statements of certain auxiliary results.

1. Convergence on a space of infinite measure, for doubly stochastic operators.
Our argument here is simply the infinite measure space analog of the argument
Doob used in his proof of Rota’s theorem [9]. The latter argument followed the
basic method of Rota but utilized a different representation theory and applied
to the more general case of doubly stochastic operators between different spaces.

THEOREM 1. Let S,€ D((X,—1,2Z0—15MUn-1)> (X Zns ) be doubly stochastic
(n=1,2,---). Then given p:1<p<oo and fel’(Xy,Zo, o),

(i) lim,_ ST,S1.f exists a.e. (uo) and

(i) [xo(SUPnzo0| STuS1af |V dpto= (p/(p — D) [x,|f|” duto-

Proof. We use the representation theory of the Appendix, in which a one-to-
one, linear, order preserving map from U 1<p=wl?(X,) onto U1 <p=lP(X))such
that g« g* preserves L? norms (1< p < o) is established (n =0,1, ---). More-
over, pointwise a.e. convergence of sequences of functions is preserved under the
correspondence g > g *. Consequently the limiting and maximal behavior we seek
to establish is invariant under the representation. Throughout this proof we work
on the representation spaces X (n=0,1,---), dropping the notation *‘# .
As noted in the Appendix, the operators S;*can be represented as kernel operators
(indeed this is the reason for passing to the representation spaces): for any

f€U1 <p< oLP(X)

(1.1) (SN -0 = fx JEDO(Ek-1,dEy) ae. (- o).
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Q.( -, ) here is a real valued function on X, _; x X,: for each fixed §,_; € X, _,
it is a probability measure on (X, i), and for each fixed 4 €X, it is measurable
on (X, _,,M-) —indeed nonnegative and essentially bounded also.

By an easy extension of the Ionescu Tulcea theorem [14] on product space
measures,

P(A) = fxuo(dxo) f 0,(x0,dxy) f f Tai(or s X0)QeCri -1 %)

(where AeXg X - X Z X Xy X Xppp X ooy A]k is the projection of A on
Xo X -+ X X}, and y,(-) assumes the value 1 on A and vanishes elsewhere)
determines a totally o-finite positive measure P on Q = Xy X X, X ---. Letting x,
denote the nth coordinate function on Q, we note that

[ stroixyar = [ auo [ 0ixosdn)--
Q Xo X1
(1.2) '
O indnyd) [ 805005 )

for any function g measurable on (X, X -+ X X,,, £y X -+ X X,) and satisfying
g(xg, -+, x,) €L(Q, P): (1.2) is true for finite linear combinations of characteristic
functions of sets of form 4; x --- X 4,€X; X --- X X, u(A4;) < oo, hence for all
such g by the monotone convergence theorem.

(1.2) is valid in particular for g of form y ,(xo)h(x,), where he L*(X,, u,) and
A< X, 1to(A4) < oo. Therefore by (1.1) and (1.2),

f YaGxo)h(x) dP = f Yax0)SE(g) dP
Q Q

so that (ST,h)(x,) is the conditional expectation E{h(x,,)|x0} of h(x,) (on Q)
with respect to the o-field % {x,} (in Q). We now show

(1.3) (ST.h) (x0) = E{h(x,) | X0} a.e. (dP) (he U (X, um) ).
1sps©

(1.3) is true for heL*(X,,u,) (i.e. h(x,) eL*(Q, P)). The dominated convergence
theorem for positive operators (Appendix) can beapplied to each side of (1.3) to
prove (1.3) true for he Ulé p<oLP(Xp, 1), provided such an h satisfies
hx)e U PP
1sp<w

( = the domain of definition of the conditional expectation operator):

The o-field on Q determined by x, is o-finite, since x, has distribution p,.
Similarly, the o-fields on Q determined by each x,, n =1,2,---, are o-finite, since
the distribution of each x, is u,, a o-finite measure:
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(14)  Po:x(@)ed)) = L E{4(x)| %o} dP = fx Stadio
0

- fx 1aSuD) diy = iu(A)  (A€X,).

h l" du,. Therefore

Thus for any helJ;<p<ol?Xpit), fo|h(x)|?dP = [y,
(1.3) holds for any such function h.
Next we note that for any fe Ul <p=L?(Xo, Ho),

(1.5 (S1af)(Xn) = E{f(x0)| x,} a.e. (dP).
Let AeX,, u,(A) < co. Then

[ o) ta(xn) dP = f E{f(eo)ta(x2) | X0} dP
Q Q
= J. fSrnXA d/'lO = J- (Slnf)XA d#n
Xo X.

= J. Slnf(xl:)XA(xn) dP’ pIOVing (15)
Q

Finally we prove the following lemma which establishes {S;,f(x,)}nzo as a
decreasing martingale, the source of all decent limiting behavior here.

LemMa 1. Givenfe | s <p<al?(XosZo, to)s

(1‘6) (Slnf)(xn)=E{f(x0)|xmxn+1,'“} a.e. (dP)s n =0,1,""
Proof(?). We must show the reverse Markov identity
) E{f(xo)| X} = E{f(X0)| Xps Xp+ 1+ } .. (dP)

for the process consisting of coordinate functions on a product space whose
measure is defined in terms of a sequence of regular conditional probabilities and a
totally o-finite initial measure py. A set A < X, of finite measure determines a
subspace (Q4, X4, P,) of (Q, X, P), where Q, = A4 x X, X X, X ---, X, consists of
those subsets of Q, belonging to X, and P, is the restriction of P to (Q,,X)).
Now (1.7) is well known in the case of a finite initial measure [8]. Hence using the
definition of conditional expectation there exists a function ¢ € LJ1 <p<olP(QX,P),
measurable with respect to % {x,}, and vanishing on Q —Q,, which satisfies

¢A(xn) dP = f f(xO) dP (Be'%{xn’xn+l""}’ P(B)< UD)

BnQ, BnQ,

Now letting A4, increase to X,, po(4,) < o, it is clear that ¢ =lim,., ¢, is
measurable with respect to #{x,} and satisfies

(2) We thank the referee for suggesting the following argument, which is substantially
shorter and clearer than our original line of reasoning.
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[ se0dp = [ fc0aP  BeBlsutiri ) B <o),
B B

proving (1.7).

Thus for fe LP(X 9, Zo, Ho), 1 < p < 0, {S1,/(X,)}n=0 is a decreasing martingale
on (Q,P). By [13, p. 113] there exists an idempotent operator T, € 2(Q,Q) such
that

lim Si,f(x,) = Tof a..(dP)

n— oo

for all f eUlép«,oL"(X 0 Hlo) (< Ul <p<wl’(Q,P)). Moreover, by an argument
similar to that of [8,pp. 317, 318], the maximal inequality of [13, p.113] implies

ay [ (5;g|(sl,f)(xn)|)" dp < (p—fT) [ 1o ap

for fe L’(X o, 1p), 1 < p < 0. The dominated convergence theorem for positive
operators now implies, using (1.3),

lim S%S.,f(x0) = lim E{(slnfxxn)lxo} =E{ lim (smfxxn)lxo}

= E{T.f|xo} a.e. (dP).

Hence lim,_, .S}, S;,f €xists a.e. (io). This proves statement (i) of Theorem 1
on the representation spaces, hence on the original spaces.
To prove (ii) of Theorem 1 observe first that by (1.3),

J;(o( e |Sr"Sl”f|)p duo = fn (:‘;l)’ |E{Slnf(xn)|xo}| )p dP.
f,. (E {fgg | Sufen)|

nz0
14
Xo }) dP
which in turn is less than or equal to

L (,.s_al_lglslnf(xn)l)p dP

since conditional expectation is a contraction on L? into itself. Applying (1.8) to
this last integral gives (ii):

. r p \?
on( s"l‘;%lslnslnfl) dpy = (I—"_—i) J;o /17 duo

for each fe L”(X,, o), 1 < p < o0, completing the theorem.

The latter integral is less than or equal to
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REMARKS. (1) Convergence for feL'(X,, 1) is in general false, as Burkholder
[3] has shown. For integrable f satisfying in addition fxo|f|10g+|f|dyo < o0,
however, pointwise convergence holds, as we shall prove in §2. On a finite measure
space, the arguments of [9],[21] give this resultas wellas bounded convergence in L.

(2) Theorem 1 is stated for the case of doubly stochastic operators S between
different function spaces Ul§p§OOL”(Xk_ s LJ1 <p=oLP(X}) rather than on a
given function space to itself, because this formulation is used in Theorem 2 below.
(Actually, Theorem 2 uses only Doob’s finite measure version of Theorem 1.)
By taking a direct sum of the measure spaces {(X,Z,, ) }c=o and appropriately
extending the operators S;, the situation in Theorem 1 can be included in that of
doubly stochastic operators on a given function space to itself.

ExaMPLE. Decreasing martingales. Let (f;, %), (f5,%),:-- be a decreasing,
martingale on (X, X, u), and set S, = E{ - If,,} (n=1,2,---). Then S},S;,= S,
so the behavior of a decreasing martingale, which was used to determine that of
the products SS,,. can in turn be described by such expressions. Examples of
Jerison [15] of decreasing martingales on an infinite measure space show that

(i) ST.S;,g need not converge for ge L* and

(ii) S§,S,,g can converge pointwise a.e. yet fail to converge in the L' norm,
for some ge L' N L™ In this case, (Sup,so | Sl’f,Slngl) can not be integrable.

Neither of these situations can arise if u(X) < oo [8].

2. Pointwise convergence for positive contraction operators. The assumption of
Theorem 1 that the operators S,, S, map 1 into 1 is now dropped, and similar
limiting behavior is proved for the resulting positive contraction operators, which
we denote P,, PY. As noted above itis no loss of generality to assume all functions
are defined on the same measure space (X,Z,u).

In order to prove our theorem for positive contraction operators, we represent
P} P,,g as a conditional expectation (S7,) acting on the product of a uniformly
bounded submartingale (P,,h) and a martingale (Sy,f), all on a finite measure
space ((Q,P)). This representation uses that of the finite measure version of
Theorem 1, in which case bounded pointwise convergence in L' holds for a special
subset of L! as remarked above. The transfer of our problem to the above context
is effected by the techniques Doob [9] used in relating his ratio theorem to Rota’s
theorem.

THEOREM 2. Let P,e 2(X,X) be a positive operator (n=1,2,---). Let
geL'(X,p) satisfy [x|g|log*|g|du<oco. Then

() lim,., oP7,P1,8 exists a.e. (u) and

(i) [x(supszo| P1P1ag D du < (ef(e — 1)) [x(h + | g|log*| g|)dp < o for any
heL'(X,p) satisfying 12 h 2 min(|g|,1).

REMARK. The maximal inequality (ii) assumes a more useful form in special
cases: if u(X) < 0o, h may be chosen = 1; if {x: g(x) # 0} = 4 and pu(4)< o, h
may be chosen =y, .
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We first prove the following lemma, the bulk of which is due to Doob [9] and
which is of independent interest insofar as it illumimates the relation between
positive contraction and doubly stochastic operators. In this connection we
remark that the lemma is valid for any g e L'(X, ) and any nonnegative h e L'(X,1)
which vanishes nowhere on the set {x: g(x) # 0}.

LEMMA 2. Let g,h as in Theorem 2 be fixed. Then setting f=g|h on
{x: h(x) > 0} and O elsewhere, there exist finite measure spaces (X, ;) for which
X<X, (k=0,1,-+-), Xo=X, and doubly stochastic operators

S € D(( Xy 15 - 1)> (Xt 110))
for which

2.1 SH[Pu(h) Sil(N] =PliPug a.e (o) (k=1,2,-).

Proof of Lemma 2. As a first step in returning to the context of Rota’s theorem,
namely doubly stochastic operators, consider the operators

)Py e
P:;(')= Pn(( 1))11;: lh)

and the measures
d:un = (Plnh) dﬂ

of Doob’s Ratio Theorem [9] (note P;oh =h). Note p,(X) < oo. For any
¢ eL™(X, ),

| PudPy u-1h)| £ [ @] Pral | = | ¢ |Pratt  ace. (),

so by the dominated convergence theorem for positive operators, P,(YP; ,—1h)
vanishes a.e. (1) where P,,h does, for any eLJ1§ p<wl’(X, ). P, is therefore a
positive contraction on L*(X,u) into L®(X, #) mapping 1 into 1a.e. (). Moreover,
P, is a (positive) contraction from L'(X, u,_ ) into L'(X, ), since for ® = 0 and
o - Pl,n—lh ELI(X9ﬂ)9

fp;,(cp) dy, = fP,,((I)-Pl,,,_lh) du fcb-Pl,,,_lh~P;"1 du < f @ dy,_,.

Therefore P): € 9(()(9 Hn— 1)9 (X: ”n))
A similar computation shows that if ¢eL®(X,u) (< L'(X,p,)) and
'p ELOO(X, ﬂ) ( < LI(X) Hn— 1)) then

[ o aw = [ @row au-..

Therefore the positive contraction P,* on L'(X,u,) to L'(X,u,_,) agrees with
P¥ on a common set dense in L'(X,pu,), hence is the extension thereto of Pj.
By this fact there can be no measure zero irregularities.
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We now observe that the measure spaces (X, ) = (X, Py hdp) (k=0,1,--+)
are finite measure spaces and

w(X) = fx Pyhdp = fx Pl,k—thltl dp = J; Py y-1h dp = - 1(X).

There cannot exist doubly stochastic operators S, € 2((X, #,-1), (X, 1)) unless
Un(X) = ptp—1(X) (n = 1,2, ), for such operators and their adjoints map 1 into 1.
Consequently atoms p,, p,,--- are now adjoined to X to obtain a sequence
{(X s Zps ) }n of finite measure spaces, each of measure py(X), as follows [9]:

Let

X, = XUp,

zn = '@{z’ Pn}:
u, agree with u, on measurable subsets of X,

tr(P) = 1o(X) — p(X)  (n=1,2,-++);

and
Ho = Ho> Xo =X, Zo =Z.

Note dug on X is just h dp on X.
Again following [9] we define a sequence of doubly stochastic operators
S, €D(Xp-1>Zn—1>Mn—1)> (X4 Zpr 14s)), extending first the adjoint operators:

Sio = {(ﬁ(p”)(l_P;*l)*PN on X,o1=ppy (=X),
d(p,) at pn-y

for peL'(X,,uy). S¥ is clearly a positive operator mapping 1 into 1 a.e.
(u:-,), and is a contraction on L'(X,, u}) into L*(X,—1, #y—4)- Since {(Xy, ) }x=o
are finite measure spaces of equal measure, S,% (hence S,) is doubly stochastic
(n=1,2,---). It can be shown that S, satisfies:

P:r'/’ on Xn_pn (=X)’
S =
{ jx (1 = P20 dptyey +¥(pp1) [uo(X)~un_I(X)]}/wo()f)—u..(X» at p,

for Y € LX(X,- 4, ;- ). In the expressions for S, and S,* above, the domain and
range of P,, P,*are understood to beamong U1 <p=oolP(X - 1),U1 <p= oLl P(XH1)-
We note in particular the important relation

(2.2) Puh)(p)=0 (k=1,2,-).

Using (2.2), the definitions of P, S,, and S,: and the fact that P,*is the extension
of P}, we obtain
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Sl*n[Pln(h)Sln(f)] P'l:[Pln(h)Sln(.f)]

PAPL(OPL()] = P2 [Pu(h) P ‘"(f")]

Py,(h)
P3P, (fh) = P{,Py,(g) a.e. (i) on Xo.

This concludes the proof of the lemma.

Proof of Theorem 2. Let g, A satisfying the hypotheses of the theorem be fixed.
Since among the h satisfying these hypotheses there are some which vanish now-
here, to prove (i) it is enough (noting dug = h du) to show:

(') lim ST,[P;.(h)S1.(f)] exists a.e. (uo)-

n— o0
Moreover, since |f|h=|g| and log*|f| =log*|g|, to prove (ii) it suffices to
show:

f ( sup | SELP1(h) S1.(N]]| ) du
Xo \n20
(i) ]

<
T e—1

fx (1 + |f|1og*|f]) dup < 0.

Applying the representation theoretic technique used in proving Theorem 1, we
transfer the setting of the problem to the representation space (Q*, P*) used there
for the study of the doubly stochastic operators S,. Again Q* = X§ x X¥ x...,
P* is the measure on Q * determined by the initial (now finite) measure puy *and
the regular conditional probabilities Q*(x,_,, dx,), the x, are the coordinate
functions on Q*, with distribution u.* (by (1.4)), and

Sy (-1 =fx# VEDON C-1sdEn) (W eLNXY, 1")).

Moreover, the correspondence g«>g®* between functions in Ulé p=ool? (Xptty)
and in U1 <psolP(X), 1) preserves L? norms and pointwise a.e. sequential
convergence. Thus the limiting behavior claimed for S§,[P;,(h)S,(f)]in (i')
and (ii') is equivalent to that of S}*[P},(h*)ST.(f*)] on (X}, uo*). We therefore
prove Theorem 2 in the context of the representation space, and omit, for the rest
of the proof, the ‘‘#°’’ notation.

From the proof of Theorem 1, {S;,f(x,)}s=0 is a decreasing martingale on
(Q,P) with respect to the sequence of subfields B{x,,x,+1,---} ((1.6)). Since

[ eoltog* rsolap = [ dsltog" I du = [ lefiog*Je] du < oo

and
P(Q) =j dP=f du(,=f hdu< oo,
Q Xo X
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martingale theory on finite measure spaces [8] implies that {S;,f(x,)}.= o converges
a.e. (dP) and

(2.3) fn sg%ISl,,f(x,,)ldPg . i : fn (1 + |[f(xo)|log*|f(x0)]) dP < oo .

We now show (ii’). From the inequality IPl,,h(x,,)I =<1 a.e. (dP) and the fact
((13)) that S;knqs(xO) = E{¢(xn) I xO} for ¢ e'Ll()(n’ #:,) (n = 0’ 19 )’

f ( sup | SELP1a(h) S1u(/)] (xo>|) dp
Q nz0
< f sup (SE|S1af|(x0)) dP
Q n20

= [ sup B{|suse] | 5o} ap.

nz0

Using now the positivity of the conditional expectation operation and (2.3), the
last term above is less than or equal to

Jo # {sgtsuseal | ) ar

f sup ISlnf(xn)I dP
Q azo0

e
e—1

IIA

fn (1 + [f(xo)|log*|f(x0)| dP < oo.

Since integrals on (Q,P) of functions of x, are integrals over (X, ug), these
inequalities prove (ii’) on the representation space (X *), hence on the original
space (X).

We finally show that

lim SHE[Py.(h) S1.(N)](x,) exists a.e. (dP),

n-* o0
implying (i") above, hence (i) of our theorem (since the distribution of x, is
ué=hdy). Since {S;,f(x)} 20 is boundedly convergent in L'(Q,P) and con-
ditional expectation preserves bounded L' convergence,

P::.Pug(xo) = Slt(PlnhSInf)(xO) = E{(Plnhslnf)(xn)lxo}

will converge as desired if it is shown that {P;,h(x,)},~o converges a.e. (dP),
since {P,,h(x,)}y=0 is uniformly bounded (by one). To complete the theorem we
now show {P,,h(x,)}.~, is a decreasing submartingale on (Q, P). By submartingale
theory on a finite measure space ([8], where a submartingale is called a semi-
martingale), it will follow that lim,., .P,h(x,) exists a.e. (dP).
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LEMMA 3. {P,h(x,))x=0 is a decreasing submartingale on (Q,P) with
respect to the sequence of subfields B{X,sX,415+ }.

Proof. We first remark that by (1.4)

[ ss.see) ap = f ¢S,f dy,
JQ X,

=f fS¥edu,_y = f S(Xp=1)Sng(x,-1) dP
Xn-1 Q

(f el (Xp-1sn-1), gL (X)), 1 S p< 00,1/p+1/qg=1).

Let C belong to #{x,}, CI « (€ Z,) be the projection of C on X,.In the following
we denote both these sets simply by C, interpreting yc(x;) as xcy,(x)-
Next we note

249 (851852 Syd) (x,) = E{d(x,) | x, } a.e. (dP)

for all ¢ € L*(X,, 1), n > r. This is immediate upon considering the stochastic
kernel representation (1.1) of the S and the following (cf. (1.2)):

f $Oa(x) dP = f (o) f 0,(EordEr) -
Q Xo X1

f HAE)OE— 11dE) f HENOEr- 1, dE)
X, Xn

where 4 € #{x,}.
From (2.4) we infer

(2.5) E{f(x)| Xa} = (SuSu1 -+ Sk+ 1) (x,) ace. (dP) (n>k)
for fe L®(X,, p), since

f FGaCes) dP = f E{f(ets(x) | %} dP
Q Q
- fn FO)(SE 1Stz SPr) (xe) dP

= fg SuSn—1"* Se+ 1S (xp)xs(x,) dP

for any Be %{x,}.
From the Markovian nature of {x,}.,2,

E{Plrh(xr)lxn} = E{Plrh(xr)lxmxn+ 1,°°° }’

so to show {P,,h(x,) }a=o is a decreasing submartingale it suffices to prove
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E{Plrh(xr)lxn} 2 Plnh(xn)
a.e. (dP), (r < n). This we do by proving that for each 4 € #{x,},

fn $aCe)Pyh(x) dP = fx ta* PaPacy - Popi(Poh)?) di

> . P B)?
(2.6) Z fx x4 (PyP,_y - Pih)? du

- fn Xax)P1ah(x) dP.

Since P,,h(x,) =0 a.e. (dP) and P,,h(p,) =0 ((2.2)), we may assume p,¢ A, or
A< X, —p,=X.
The inequality in (2.6) follows from the observation of Rota [20, p.557] that

P(¢Y) 2 (Pg)* ae. (W) (peL(X,p), k=12,-)

(simply apply Schwarz’s inequality to the kernel representation of P, afforded by
the Appendix).
To prove the equalities in (2.6), we use first (2.5), obtaining

j YuC)PLh(x) dP = f SACE(PLh(x) | x,} dP
Q Q

= SSe S P di
Taking adjoints and remarking P, h(p,) = 0, this is equal to

fx (S5 1882 8200 (Poh) i,

r~Pr
for X, — p, is just X, and the restriction of yu, to X is u,. Expressing du, = (P, h)du
and using the definition of S,% this becomes

fx (P34P1% 3+ PP ) (Puh)? dp,

since y,4(p,) = 0. But by definition, P;*agrees with P{ on L*(X,,u,), so the above
integral is just

[ @rpt P @
which in turn equals

fx SaPoPo-r - Pry (PhY?) dit,
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giving the first equality in (2.6). Using the definition of u,, u,, and the fact that
Pnt A,

L Yu(PaPy_ 1 Pih)? dp = f Ju(PaPo_ 1+~ Poh) dp,

X -»p.
= J‘n XA(xn)P lnh(xn) ap,

giving the second equality. This completes the proof of the lemma, hence of the
theorem.

COROLLARY 1. Let P,e 9(X,X) be a positive operator (n =1,2,---). Then
given p:1<p<oo and gel”(X,p), lim,_, oP},P,,g exists a.e. (u).

Proof. If, in addition, geL', the convergence follows by Theorem 2 (for g
then satisfies [|g|log*|g|du < o). Since L' N L is dense in L”, by a theorem
of Banach [10, pp. 332,333] it suffices to show u{x: sup, o | P1,P1.f(x)| = 0} =0
for each f e L”.

Given f el?, let A={x:|f(x)| >1}, B={x:|f(x)| £1}. Then f=fy,+ fxs
and | fxg|lw < 1. Therefore sup,so|PiP1af| S sup,so(P1aP1a|fxa|)+1ace. (1).
| F14| satisfies the hypotheses of Theorem 2, since it belongs to L' N L?. From (ii)
of Theorem 2 we infer sup,>o (Pf,Py, | fo|) < oo a.e. (u), since h may be chosen
to be > 0 everywhere. This completes the proof.

ReMARK. The ratio theorem of Doob [9, Theorem 6.1], giving a pointwise
limit, assumed only that the operators P, were positive contractions in L'. We use
the additional hypothesis of contractivity in L® both in proving pointwise con-
vergence and in obtaining maximal inequalities: The uniform boundedness of
{Py,h},-0 is used just below (2.3), above Lemma 3, and below (3.5). Theinequality
P, <1 is used to show Py(¢?) = (Pid)* just below (2.6). If the hypothesis
| Pe|| < 1 is dropped, a counterexample is provided by the following set of
positive contractions on functions integrable over the unit interval with Lebesgue

measure:

1 1 1
P = ¢kff, where ¢, = o,f be = 1, andf 62 > k.
0 0 0

Since P¥f = [/, PEPf = [lb% [ f. Therefore | PT,Py,f| 2 n| [} f].
3. Maximal inequalities for contraction operators.

THEOREM 3. Let T,e 2(X,X) (n=1,2,---). Then

1 T2 Toe|) dus (—2—) P d
v f (g 1man) aus (72) [, e an

ing U1<p<ooLp(X,Il) and
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e
62 [ (swp|rtTslhdus S [ b+ |gliog”|eh du<en
X \ n20 e — b'¢
if ge L'(X, p), ”g|10g+| gldu< 00, and h is any function in L'(X, p) satisfying
12 h 2 min(|g|, 1).

Cf. Remark following Theorem 2.

Proof. We show first that it is no loss of generality to assume the T, are positive
operators. By a lemma of Dunford and Schwartz [10, p. 672], cf. [6], given Te 9.
there exists an operator P e 2 satisfying

3.3) | T"f| <P"|f| ae. forn=1,2,-- and feL'.

Now for any set E < X of finite measure and any ge Ulépng”,

- f | &|P"(xe) duéf gT"(xp) du < f | |P"(xe) dus

hence
- f 1P| | dp < j 2eT*"(g) dp < f 2P| g| dp.

We conclude that | T*"g| < P*"| g| a.c.for such g and that P* is a positive operator
in 2. From the symmetry of the argument it follows that (3.3) holds for
fe U1 <pswl’and that P is a positive operator in .

ReMark. If T is self-adjoint, so is P: by [10], Pf=sup, < fl Tg| for
0<feL'NL% geL” Now for |g|<f, P*f2P*|g|2|T*¢g|=|Tg|. Thus
(P*—P)f=0 for 0<feL'nL" which, considering adjoints, implies

(P—-PHf20

for such f. Therefore P = P* (cf.[1]).
Applying the above to each of Ty T,%---, T, T,, T,—,,-+, and Tj, there exist
positive operators P, € 2(X,X) for which

|T::|T1n8| = Pfl ;15 T, T, T,y T1g| <= Pf,.Pl..IgI

a.e., (geUl <psolL?). Consequently (3.2) holds by Theorem 2. We prove (3.1)
by showing that for any fixed p:1 < p < oo and any geL”,

* P < p P P
ao [ (smipzpusl) ans (GE5) [ lelr an

Since Ianngl = Pi",,P,,,l g| we may and shall assume g=0. Letting
A, = {x:g(x)= 1/k} and g, = g4, (k=1,2,--+), g, increases to ga.e.as k—» o0.
For each positive integer N,
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sup (PL,P1,¢) = lim sup (P P,,g) < lim sup(P},Py,g)

0sn<N k= 0=n<N k= nz0

Sup (Prnplng)’

nz0

IIA

using the dominated convergence theorem for positive operators. As N — oo the
first term tends to the last, giving equality among all terms. Consequently if (3.4)
holds for each g;, by the Lebesgue monotone convergence theorem it holds for
g = limy, o8;.

For fixed k, we now prove (3.4) for g, by arguing as in the proof of Theorem 2.
First let the sequence {B(m)}.-; of measurable sets in X satisfy

Ay=B()< B@) <, | ) Bim)=X,

and p(B(m)) < oo for all m. Next set h,, = xp(m) (m =1,2,---) and f = g,. Note
g =hnf, feL'nL* and h,eL'NL%, for all m.

Fixing m, h,, and f are now used as were h and f in the proof of Theorem 2.
We again suppress the ‘‘ # *’ notation for the representations associated with the

Stone spaces.
Since 0 < f(x,) €LP(Q,P) and {Sy,f(x,)}n=0 is a decreasing martingale on the
finite measure space (Q, P), it follows [8] that

3.5) jsx (sup S,,,f(x,,)) dP < ( ) f f(x0)? dP.

nz0

Noting that 0 < (Py,h,,)(x,) =1 a.. (dP), we have by Lemma 2:

P
J;( (S“P anplngk) h,dp = fg (SUP (Plnplngk)(xo))

nz0 n=>0

B fn (sup(sf"[Plnthmf])(xo)) dP

nz0

gL(wm@mmﬂw

nz0

By (1.3) the last integral equals
14
[ (supisusel o} )ap
Q nz 0‘

Using the fact that conditional expectation is a positive contraction on L”(Q, P)
and (3.5), the above expression is less than or equal to

L (E{ sup S,nf(xn)lx0=)p dP < L (,S,;_‘E Sl,,f(x,,))p dP

: 2 e
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From the definition of f, h,,, and P, this last term equals

(2] . o = (2] [ or an

Therefore

p p
[, (seoptpus ) hdns (G25) [ e au
x \ nzo p x

for each m. Letting m — co, we obtain (3.4) for g, completing the proof.
REMARKS. (1) The above theorems raise the natural question as to the pointwise
convergence of {T3Ty,8}.20, for ge U, <,<oL% Since (3.1) implies

w{x: sup |7 g = 0| =0
nz0

for any such g, it would suffice by the theorem of Banach used in Corollary 1 to
show convergence on a dense subset of any of the L? spaces (1 < p < o). This
question remains unanswered.

(2) Stein [24] has proved the following maximal theorem: Let T be a self-adjoint
operator in 2. Then

14
f (SUP|T"g|) du< B, f |g|?dp (ge U L”) :
nz0 1<p<
where the constant B, depends on p. This result is an obvious consequence of
Theorem 3 above: noting sup,,go| T"gl =< sup,,gol T2”g| + sup,,go| Tz"(Tg)|,
we obtain Stein’s result with B, = 2(p/(p — 1))*. Yet another proof of this maximal
result, based on techniques of Rota [22] and Burkholder [4, p. 82], is contained
in the thesis of Al-Hussaini [1].

(3) The principal open question relating to the problems considered in this
paper is that of the pointwise convergence of T"g for geL!, where T is a self-
adjoint operator in Z satisfying (Tf,f) = 0 for all fe L%. (Positive definiteness is
necessary: consider rotation through m radians on the unit circle.) Equivalent
formulations of this problem are given by Burkholder [4], using a characterization
he proves there of certain conditions under which one of the two major hypotheses
of Banach’s theorem will hold (in this case the hypothesis that
u{x: (sup,»o| T"g(x)|) = 0} = 0). (Al-Hussaini [1] has given an example of
two distinct such operators T;, T, for which T3*T7'f diverges a.e. for some
feLl)

4. Strong convergence and identification of the limit operator. The preceding
results imply the strong convergence of the positive operators P%P,, € 2(X, X)
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considered as bounded operators on LP(X) into itself, for any fixed p:1 <p < .
The same is true for p=1 in case u(X) < co. A more direct proof of a more
general result is given here.

Denoting by 0 and I the zero and the identity operators, we use the following
known

THEOREM (VIGIER [18]). If {A,}n- is a sequence of positive definite operators
on a Hilbert space such thatI1 2 A; =2 A, > --- = 0, then {A,} converges strongly
to a self-adjoint positive definite contraction operator A.

On the basis of this, we state and prove

ProrosiTiON 1. Let T, e 2(X,X), (n=1,2,---). There exists a self-adjoint
operator I1, € (X, X) to which T}, T,, converges in each of the strong topologies
on bounded operators on LP(X), 1<p< 0.

Given any geL'(X) and any heL”(X)NL®(X) for some pe[l,),
11, 148 = Mg in the L'(hdp) norm: ||(T7,Ty,g — Mwg)h|, >0 as n > oo.

ReMARKs. If u(X) < oo, THT,,— I, in the strong topology on bounded
operators on L'(X): set h = 1. I, is clearly positive definite on L2.

Proof. Throughout this proof we denote T, T;, by II,. Using only the fact of
contractivity of each T, in the case p =2, the sequence {IL,}; - clearly satisfies
the hypotheses of Vigier’s theorem. Consequently {IT,} converges in the strong
topology on bounded operators on L%(X) to a self-adjoint positive definite con-
traction IT,, on L%(X). We now show IT,, has a unique extension to a self-adjoint
operator in Z(X, X), to which {II,} converges strongly in L (1 < p < o).

(i) For each pe[2,00) and each ge L?, {Il,g} convergesin the L? norm: For
each pe[2,00) we show Cauchy convergence in L? of {II,f} for fe ? " L*.
Since LN L®is dense in L% Cauchy convergence for g elL? follows by the triangle
inequality and contractivity of each IT, in L”. Given f e LN L, we may assume

"f"oo < 3. Then
@, - mf]2 = fx |, — T,)fP du < fx (T, — T,/ di

= [T, - m,)f]; -0

as m,n — oo, where we have used the L® contractivity of each IT,.

(ii) For each pe(1,2)and each geL?, {I1,g} converges in the L” norm: As in (i)
it suffices to prove LP norm convergence on a dense set, in this case L'N L.
For fe'nL®, (II,—1II,)fel' NL® for each m,n=1,2,---. Let p=1+¢
(O<e<1). Setting a=¢/2, b=1+¢/2, r=4]e, and 5s=4/(4 —¢), note
a+b=p,ar=2,and bs 2 1. In particular, |(IT, - IL,)f|*€ L |(IT,- IT,)f |’ L*,
and 1/r+1/s=1. Therefore
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f |1, - TL,)f|Pdp = f | (L, — T | *dp

|10 f = s ] - | TS = TP
< [T = s 7, - |23 < 0.

Since ar=2, || |IL,f—I0,f°|, = |01, - L) f|%—0 as m,n— o0, so {ILf}
is Cauchy convergent in L%

(iii) Forany ge L' N L% {IT,g} converges to I1,gin I?,foreachp:1<p < oo :
For fixed pe(l,00), denote the L? norm limit of {II,g} by SII,g. We show
ST g = I1,g. For each set E < X of finite measure,

” (Mg — Snoog)XElll
< | (1w — I)R)xe |1 + || (1,8 — STeog)xe ||«
[ (Mo — g |2 - (WEN? + | (g — STeg) ||, - ((E)'?>0

as n— oo by Vigier’s result and norm convergence in L?, respectively (1/p + 1/g=1).
(iv) ” Mg |, = | g, for any ge L' NL®, any pe(1,0): Letting ge L' N L”,
note

IIA

S

IIA

I g, ~ [ g, | < 0T~ T ], 0 as oo, by G

Since || Il,g ” P = ” g” p for any n, (iv) is true as claimed.

I1,, is thus a densely defined contraction on each L”(1 < p < o) and so has a
unique extension to an operator in 2(X, X), which we also denote I1,,. From (iii)
it is evident that IT, — IT,, strongly with respect to each of the topologies induced
by LP(1<p < ).

To show I, is self-adjoint as an operator in 2(X, X), let fe LP(1< p < o) and
geL?=(L?)* Then
I (Hoofs g) - (f’ Hoog) i
|, — ) f,2)| + | (.S, ) — (/, L) | + | (£, (T, — T,)g)|
| @ =101, [ g ]l + 0+ £, | (0, — Mg [~ 0
as n— . (We have denoted the action of the functional ¢ € L?on ¥ e L by
(¢,9))

Finally, given h as in the statement of Proposition 1, we note he L?”. Hence
|[(1'I,,g— Ig2)h ||1—+0 for any geL! NL% where 1/2p+1/q=1, by the L?
norm convergence of IT,g to Ilg. Since I, and II,, are L' contractions and

L'NL? is dense in L', ||(IT,g — I.,g)h||; >0 for any geL', by a standard
approximation argument.

IIA - HIA

COROLLARY 2. Let P,e 2(X,X) be a positive operator, (n=1,2,---). Let
ge Ul <p<wl® satisfy ” g[logJr | gldy < 0. Then lim,,_,oon,,Plng =1I,g a.e.(n),
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where T, is a self-adjoint positive operator in (X, X), and positive definite as
an operator on L2,

Sketch of proof. Il is clearly the strong limit operator provided by Propo-
sition 1, namely the extension to all L?of the limit operator on L? given by Vigier’s
theorem. The corollary follows readily, using Theorems 2,3, Corollary 1, Propo-
sition 1, and Lebesgue’s Dominated Convergence Theorem.

REMARK. Since I, is the operator provided in Proposition 1, P,*P,,g— I g
in the appropriate topologies as noted there.

ExaMpLEs. (1) Iterates of conditional expectation operators. Burkholder and
Chow [5] have given the following explicit identification of the limit operator in
the case of powers of products of conditional expectation operators. Let E; denote
E{-|#}, #,<Z, and Z, denote the completion [16, p. 90] of F, (1 < i k).
Then for ge [2(X,Z,p),

lim (E(E; - E - E\)"g = E{g| #, NF,N0- NF}

n— o0
a.e. (1) and boundedly in I*(X,Z, u). (Actually, convergencefor a somewhat more
general sequence, containing that given here, is shown (see [5, §3]).)

(2) If each P, is doubly stochastic, IT,, need not be. Consider a decreasing
martingale {f,, #,}. o on a totally o-finite positive measure space (X, Z, u), such
that (\o=o%, = {¢,X}. Letting P, = E{ - | #,}, it follows that II,, is the zero
operator. Thus strong limits in the I” topology (1 < p < ) of doubly stochastic
operators need not be doubly stochastic. It is easy to see that this situation can
occur only on spaces of infinite measure.

(3) I, need not be idempotent, even if each P, is a doubly stochastic operator
on functions integrable over the unit interval with Lebesgue measure. To see this let

S f(x) = f(2x) (mod 1) and

o([r)on [o3)

f(x) on [%, 1] .

S,f(x) =

S, is just a conditional expectation operator. S; has for adjoint (and left inverse)
the operator defined by

SHx) = 5(x/2) + 2f(+ /D) (mod 1.

S; and S, are clearly doubly stochastic. Letting S,=1 (n=3),

I, = STS3S,S, = S15,5,.



112 NORTON STARR [January

If f(x)=x,
Oof(x) = 1/4+x/2,

MZf(x) = 1/4+1/20/4+x/2)=3/8+ x/4.

Hence IT2 # I1,.. The operators S;, St were brought to our attention by J. Ryff
in connection with the study of extremal doubly stochastic operators.

REMARK. The results of §§2, 3, and the present section are valid in an arbitrary
positive measure space, since only countably many operations on functions
vanishing off a set of o-finite measure are involved.

5. Continuous parameter theorems. For each real t=s=0 let T(t,s) be an
operator in 2(X,X) which satisfies

5.1 T(t,s) = T(t,r) T(r,s) (t=r=s), Ttt=I.

Note that T*(t,s) = T*(r,s)T*(t,r).

These operators, which form an inhomogeneous semigroup, arise in the theory
of nonstationary Markov processes as positive operators [8, Chapter VI]. For
this reason (5.1) is often called the Chapman-Kolmogorov equation. If T(t,s)
= T(t —s,0) for all t = s =0, the operators form a semigroup, the analog of a
stationary Markov process in the case of positive operators. Such semigroups
arise in a variety of other situations, notably in differential equation theory (cf.
[24]).

We consider here the limiting and maximal behavior of T*(¢,0)T(¢,0). By the
theory of separable processes [8, Chapter II], such behavior is essentially deter-
mined by that of the discrete case considered above. First, however, we state a
result on operator convergence, for which separability theory is superfluous.
The proof of this result, which depends on Vigier’s theorem and is similar to that
of Proposition 1, is omitted. (Vigier’s theorem applies to bounded increasing, as
well as decreasing, sequences.)

PROPOSITION 2. Let r >0 be fixed. Then there exists a self-adjoint operator
I (r)e2(X,X) to which T*(t,0)T(t,0) converges in the strong topology on
bounded operators on L*, for each p:1<p<oo, as t—>r".

For any ge L' and any he P NL" for some p:1< p < oo, T*(t,0)T(t,0)g
converges in the L'(h du) norm to I (r )g as t—r".

Similarly, there is an operator TI(r") to which T*(t,0)T(t,0) converges in
each of the above topologies as t—» r*. In this case r may equal 0.

REMARKS. (1) If u(X) < o0, strong convergence in L' holds: set h=1. (2)
Letting T(t,0) = E{ - |.?,}, with #, < #,, if t; 2 t,, one sees that continuous
parameter closed martingales [16] can be described in terms of T*(¢,0)7(t,0).
(Hence IT.(r*)need not equal II(r-).)
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The following proposition is the continuous parameter version of the main
results of the preceding sections. Since the proof is a relatively direct, though
tedious, consequence of the separability theory of [8, Chapter II], it is omitted.

ProposITION 3. Let ge U, <o L” satisfy [|g|log*|g|du< co. Then there
exists a separable process {(T*(t,0)T(t,0)8)" };ci0,0) Which differs from
{T*(t,0)T(1,0)g},c[0,0) @t Most on a set of p-measure zero in each t, such that

0) f ) (supremum |(T*(t,0)T(1,0)2)" | )pdu < (Ef—1)p fx ||? du

te[0,0)

if gel”? 1 <p<w),

(ii) f (supremum |(T*(:,0)T(t,0)g)~|)h dp < -5 f (h+ |g|log*|g]) du
X 1[0,) e—1Jx
if geL', [|g|log™|g| du < o0, and he L' satisfies 1 = h = min(|g|, 1). (In case
u(X) < oo, note h may be chosen =1.)
(iii) If re[0,0) and if T(t,s) are in addition positive operators, then

lim (T*(1,0)T(t,0)g)” =M (r)g a.e.,

t—=r~
where I1(r" ) is the strong limit operator of Proposition 2. Moreover, if any
other process {(T*(t,0)T(t,0)g)™ "}, c10,m), differing from {T*(t,0)T(1,0)g}, (0.0
at most on a set of u-measure zero in each t, converges a.e. on a set of positive
measure, the limit must agree with T (r")g.

REMARKs. (1) For a one parameter semigroup {T%t20} of self-adjoint
operators in 2, possessing strong continuity at t =0 in the L? norm, Stein [24]
has proved maximal and pointwise theorems for {T%}o<;<w, (f€ U1<,,<wL").
(T'f was redefined on a set of u-measure zero for each t in such a manner that for
almost every x, T'f(x) is a continuous function of ¢.) By (i) of Proposition 3, the
maximal theorem is a corollary to Theorem 3 above.

(2) The results of Proposition 3 are possible because of the ‘‘inhomogeneous’’
character of our discrete limit theorems: we have at our disposal theorems about
products T;*T,, of distinct operators Ty, T,,---, and it is just such products that
arise as the result of applying separability theory.

APPENDIX.

1. Representation theory. The following is a sketch of the o-finite version of
a representation theory found in Doob [9]; details come from [9], Maharam [17],
and Halmos [11], [12], and are omitted.

Let (X, X, u) be a totally o-finite positive measure space. The Boolean g-algebra
of measurable sets mod null sets in (X, Z, u) is isomorphic to the algebra of clopen
(simultaneously closed and open) setsin a totally disconnected compact Hausdorff



114 NORTON STARR [January

space X *. The o-field = * generated by the clopen sets is the o-field of Baire sets
and the clopen sets are a base for the topology on X*. Regarding sets of the
first category in X* as null sets, each bounded Baire function differs from a
continuous function at most on a null set, i.e. L°(X *,X%) is naturally identified
with C(X*). Moreover, equivalence classes mod null functions of L°(X,X) can be
put in a one-to-one correspondence with C(X*) in a natural fashion. This cor-
respondence is a Banach space isometry, is multiplicative, order preserving, and
preserves pointwise a.e. sequential convergence.

¢ on X induces naturally a totally o-finite positive measure u* on =¥, which
vanishes on sets of the first category. The correspondence between L”(X,Z,p)
and 1°(X*,2%, u*) can now be extended to an order preserving Banach space
isometry of each of the corresponding I spaces (1 < p < o) (actually of the
equivalence classes mod null functions). Again a.e. convergence of sequences is
preserved.

For Te 2(X,,X,), there is a corresponding T* e 2(X§,X%), and (T**
=(TH*. If WeD(X,,X,), (TW)* =T*W?*.

As shown in Doob [9], the image of a doubly stochastic operator S € 2(X,X,)
can be regarded as a kernel operator in the sense that

SHF*)(x;) = f o £ A0 (k) ae. (1),

where Q* is a real valued function on X¥ x =¥ which for each fixed x, e X5
is a probability measure on (X#,£#), and for each fixed 4* e £} is a (continuous)
nonnegative bounded measurable function on (X%,X¥). (Given a clopen set
A* < X¥,let AeX, have image A*. Q*(-,A”) is defined to be the continuous
image of Sy, under the isomorphism of L°(X,) and C(X%) noted above.)

Note that the kernel representation for doubly stochastic operators holds for
positive operators Pe 2(X,, X ,), the only change being that Q(x,, - ) becomes a
positive measure bounded by 1.

2. Dominated convergence theorem for positive operators. Let f,eL”(X,),
lim,, f,=f ae. (1), sup,@llf,,|eL"(X1), for some p:1<p=<oo. Then if
Pe2(X,,X,) is a positive operator, lim,_, ,Pf, = Pf a.e. (u,).

For a direct proof of a more general result, see [23].

In the case of probability measure spaces, Blackwell and Dubins [2] and Al-
Hussaini [1] have given converses to the above proposition.
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